The dynamical response of a lipid membrane to a local perturbation of its molecular symmetry is investigated theoretically. A density asymmetry between the two membrane leaflets is predominantly released by in-plane lipid diffusion or membrane curvature, depending upon the spatial extent of the perturbation. It may result in the formation of non-equilibrium structures (buds), for which a dynamical size selection is observed. A preferred size in the µm range is predicted, as a signature of the crossover between membrane and solvent dominated dynamical membrane response.
The formation of small membrane structures (vesicles or tubules...) is required for most inter and intra cellular transports in biological cells [1] . While important progress have been made in the identification of key membrane proteins, recent work have focused on the lipid molecules themselves [2] . Of particular interest is the lipid translocation by specific enzymes (flippases), and the membrane morphological changes they trigger [3, 4] . From a physical point of view, the formation of a bud from a fluid membrane has mostly been considered as the result of phase separation in mixed membranes [5] , or as a global shape transition of closed membranes due to geometric frustration [6] . The final membrane conformation then corresponds to a global equilibrium, and is not expected to strongly depend upon dynamics [7] . Small invaginations of the plasma membrane of biological cells should however result from localized perturbations, rather than from global changes at the scale of the cell. This paper present a theory for the dynamics of relaxation of one such local perturbation; a local membrane asymmetry, created by a sudden flip of a number of lipid from one leaflet of the bilayer to the other. This situation is of fundamental interest, as it may result in the formation of non-equilibrium membrane structures. The model also seeks to mimic experiments where the local perturbation of a giant vesicle (∼ 100µm) by adsorption of DNA molecules results in the production of small dynamical vesicles (∼ µm) with their membrane packed with adsorbed DNA [8] .
In the present theoretical analysis, it is shown that the local membrane perturbation introduced by lipid translocation (stretching of the depleted monolayer, and compression of the enriched one, Fig.1 ), may be released both by opposite monolayer flows, leading to a diffusion of the perturbation (Fig.1a) or by membrane curvature (Fig.1b) . While the former mechanism potentially leads to a vanishingly small energy, the faster of the two processes will control the membrane relaxation. It is shown below that large-scale membrane curvature is hindered by bulk flow, while small scale-membrane curvature is slowed by membrane flow. The cross-over between these two regimes defines a critical dynamical lengthscale λ D ∼ 1µm in water and ∼ 100nm in the more viscous inner cellular environment, at which the perturbation is optimally converted into transient membrane curvature, and fully formed membrane bud are most likely to be observed.
Lipid membranes are self-assembled fluid bilayers. Their equilibrium properties such as lipid density φ 0 and membrane thickness 2d (∼ 4nm), result from a balance of the hydrophobic attractions between the lipid tails by steric or electrostatic repulsions [9] . Deviation from the optimal density costs an elastic energy (per monolayer, per unit area) K s (φ−φ 0 ) 2 /(2φ 2 0 ), with a large stretching modulus K s ∼ 25k B T /nm 2 [10] (k B T is the thermal energy). The membrane bending energy κC 2 /2 involves the local membrane curvature C and a fairly small bending modulus κ ∼ 25k B T . Noting the outer (+) and inner (-) monolayer densities (at the mid-plane) ψ ± (with φ ± = ψ ± (1 ∓ dC)), the membrane elastic energy is best expressed in terms of the local average dilationρ ≡ ψ + +ψ − 2ψ 0 − 1 and the dilation difference between the
Bending a symmetrical bilayer (ρ = 0) involves a bending modulus
is reduced to κ in fluid membranes since the monolayer densities can adjust to ρ = dC. The (small) "bending ratio" of these two quantities ǫ ≡ κ/(2K s d 2 ) will prove important later.
Here, we study the membrane response to the sudden establishment of a local concentration asymmetry: some fraction ρ 0 of lipid being flipped from the "down" to the "up" monolayer over an area S 0 (Fig.1) . For simplicity the membrane bears no global surface tension, which is to say thatρ = 0 throughout. Lipid flow toward the stretched region of the "down" monolayer and away from the compressed region of the "up" monolayer, diffuse the perturbation over the membrane (Fig.1a) . Concomitantly, the compression-extension creates a bending torque leading to membrane curvature (Fig.1b) . Diffusion of the perturbation is limited by the sliding friction between monolayers, while membrane curvature is limited by membrane and solvent viscous dissipation.
Local balance between elastic and dissipative forces yields local equations for the evolution of the membrane shape. Such equations exist for small membrane deformations [9] , but are hardly tractable for large deformations. In consequence, we take a simpler approach where the perturbed membrane (of area S(t)) is parameterized by a spherical cap of constant curvature C(t) and constant dilation difference ρ(t), connected to an unperturbed (flat -
1b. This approximation disregards the existence of a connecting neck between the bud and the flat membrane, the stability of which probably influences the scission of the bud by membrane fusion [12] . In this work, buds are simply assumed to detach beyond a critical value of the budding parameter (defined in Eq. (2)).
In the biological context, it may correspond to a neck small enough for membrane proteins such as dynamin to pinch off the bud [13] .
Spontaneous lipid flip-flop between the two monolayers is very unlikely over the evolution time, which imposes the conservation of asymmetry S(t)ρ(t) = S 0 ρ 0 . The stretching stress in the perturbed region is released when C = ρ/d (Eq. (1)). The membrane geometry is described by a budding parameter, equal to unity for closed buds:
where
corresponds to a situation where the perturbation is entirely converted into curvature, without diffusion along the membrane. As we will see, B d is always much smaller than B
d . The optimal conversion of perturbation into curvature is observed for a particular dynamical lengthscale √ S 0 ∼ λ D (Eq. (9)).
Dynamical equations for the two independent variables S and C are obtained using a
Lagrangian description [14] , where elastic and dissipative "forces" are calculated from the variation of the elastic energy F elast [{ρ, C}], and the energy dissipated per unit time P diss :
Variation with ρ accounts for the migration of lipid molecules under a gradient of chemical potential, and variation with C describes the membrane deformation due to the bending torque.
The three sources of dissipation involve three constitutive parameters. The viscosities of the solvent η (≃ 10 −3 N/m 2 for water) and of the membrane µ m (≃ 10 −9 N.s/m), couple to gradients of bulk and membrane velocity fields v into viscous shear stresses
the velocity difference δv between membrane the two monolayers in relative motion [10] .
Note that µ m and b m are related to the membrane (3-dimensional) viscosity η m by the scal-
where the membrane viscosity is typically a thousand times the viscosity of water η m ∼ 1 N/m 2 [16] . The total dissipation is P diss = P bm + P µm + P η , with
The membrane viscous dissipation P µm is obtained by substituting µ m to η in P η and integrating over the membrane surface instead of the volume.
The three contributions to the energy dissipation are calculated as follows (see [17] for a related calculation). The bud volume V and neck aperture L satisfy V = 
We assume incompressible flows in the membrane and the surrounding fluid. Most of the membrane flow comes from bringing membrane area from the flat membrane into the bud. 
Viscous dissipation in the solvent occurs in both sides of the membrane. P η in Eq. (6) 
The influence of the perturbation lengthscale S 0 is emphasized by using dimensionless variables for area, curvature and time:
The new variables are bounded by: 1 < s < ∞ and 0 < c < 1, and the budding parameter (2)). Balancing the curvature forces lead to an equation for C.
The interplay between membrane and solvent dissipation defines a characteristic lengthscale 10, 11] , to which the size of the perturbation should be compared.
This lengthscale λ D is of order 1µm in water, but is much shorter (∼ 100nm) in biological condition, since the cytosol can be very viscous.
Expressed in the dimensionless variables, the set of equations reads [18] :
The driving forces for diffusion and membrane deformation (RHS of the above equations) both show the competition between increases of s and c.
At short time (s ∼ 1 and c ≪ 1), the evolution is given byṡ ∼ 1 andċ ∼ 1/ S 0 .
ForS 0 < 1, membrane curvature moves little solvent and occurs faster than diffusion.
On the other hand, membrane deformation is slow forS 0 > 1. For larger deformation however, the membrane viscosity comes into play. It is characterized by a single parameter
2 ) (typically slightly larger than unity [16] ), and becomes important for small
Eqs. (10, 11) show that membrane deformation will evolve non-monotonously. Indeed, the driving force for diffusion ((1 − sc) -Eq. (10)) vanishes for complete release of the stretching stress (sc = 1, or C = ρ/d). On the other hand, the driving force for membrane curvature (11)) vanishes for smaller deformation because of membrane bending
). As a consequence, the budding parameter rises from zero to a maximum value B (max) d over a time t growth , then it decays slowly to zero over a larger time t decay . The value of the maximum is a measure of the amount of initial perturbation converted into curvature. It will be discussed extensively in the remaining of this letter, for it determines whether the blister may turn into a well-formed bud before the perturbation diffuses out. For small deformations, the rise occurs over the linear evolution time t growth ∼ t 0 , and the decay, mostly driven by bending rigidity, is of order t decay ∼ t 0 /ǫ. These times are however much larger in the non-linear regime. To give a feel for the numbers; forS 0 = 1, the maximum deformation is an hemispherical buds (B This amounts to flipping about 10 5 molecules in both cases. The flips need not being perfectly synchronized, as successive events may act cooperatively if they are separated by a time lag shorter than the perturbation decay time t decay . As already discussed, t decay ∼ t 0 /ǫ ∼ S 0 /(Dǫ) in the limit of small membrane deformation. Note that the evolution becomes much slower in the large deformation regime, where dissipation is very large.
In conclusion, non-linear dynamical equations for the formation of bud-like invaginations in fluid membranes have been derived, and applied to the relaxation of a localized perturbation of the up/down symmetry of lipid bilayers. Non-equilibrium buds may be produced provided that relaxation by membrane curvature occurs faster than the diffusion of the perturbation along the membrane. The membrane response critically depends upon the extension of the initial perturbation, which determines whether the membrane deformation is limited by membrane or solvent dynamics. Bud formation is most likely at the crossover between the two regimes.
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